
Compression-based inference on graphs
Peter Bloem, P@PeterBloem.nl

System and Network Engineering Group, University of Amsterdam

THE PROBLEM OF ISOMORPHISM: SEQUENTIAL REPRESENTATIONS OF GRAPHS

NORMALIZED  
COMPRESSION DISTANCE

The normalized comPression distance1,2 converts a general-pur-

pose compressor into an inference tool. It measures the distance 

between two objects by compressing them separately and put 

together, and compares the two values.

The distances this defines over a dataset of objects produce 

a clustering that often conforms to natural intuitions. The nor-

malized compression distance has been used to successfully 

cluster such objects as books, genomic information and MIDI 

files of works by classical composers.

To test whether the problem of isomorphism affects sequen-
tial compressors, we performed the following experiment: we 
generated data from four synthetic sources and computed the 
NCD between all pairs, clustering the full set with the k-me-
doids algorithm. As a compressor we used either the fast and 
sequential gzip, or the slower, graph-based Subdue3 algorithm. 
The Subdue compressor does not suffer the problem of iso-
morphism, as it operates on a graph directly, rather than on a 
sequential representation of a graph.

The results show some performance gain by Subdue (at 
the cost of significantly higher running time), but more inter-
estingly, they show that gzip—despite the problem of isomor-
phism—can still pick up sufficient patterns from the sequen-
tial representation to outperform the baseline. 
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Graphs are complex objects to analyze. The same graph 

generates different bitstrings for different node orderings. 

We ask whether a shallow, sequential compressor such as 

gzip can still find sufficient structure in the bitstring repre-

sentation to succesfully perform inference on graph data.

1

1

1

2

2

2

compresseddata

For code and data, see PeterBloem.nl/Benelearn2013

0.17 0.083 0 0

0.083 0.17 0 0

0.083 0 0.17 0

0 0 0 0.25

0 0.25 0 0

0 0.25 0 0

0 0 0.25 0

0 0 0 0.25

0.25 0 0 0

0 0.25 0 0

0 0 0.25 0

0 0 0 0.25

random

pa

fractal

fractal sw

random baseline gzip subdue

mean error 0.46 (0.11) 0.27 (0.12) 0.14 (0.14)

0.11 0.11 0.11

0.11 0.11 0.11

0.11 0 0.22

0.33 0 0

0.22 0.11 0

0 0.22 0.11

0.33 0 0

0 0.33 0

0.33 0 0

cellular

neural

co-purchase

mean error 0.43 (0.11) 0.28 (0.17) 0.34 (0.17)

same graph,  
  different bitstrings

SUBDUE

Compression-based inference on graph data

GZIP) we can find the decompression algorithm
somewhere in {Ti}, say as Tg. We can have
a description on U as U(hg, zi) = x so that
KU(x) 6 |z| + O(1). In this way, any computa-
tional structure in x is taken into account in K(x),
and K(·) can be approximated by any computable
compressor.

This gives us the basic philosophy behind all transla-
tions of Kolmogorov complexity to the realm of prac-
tical applications: we approximate Kolmogorov com-
plexity by some learning algorithm or compressor.

Finally, we define conditional Kolmogorov Complexity
K(x | y). Where regular Kolmogorov Complexity is
defined as the shortest program which produces x, the
conditional variant is defined as the shortest program
which produces x when provided with y. A complete
treatment is available in (Li & Vitanyi, 1997).

Normalized Information Distance (NID)

The length of the shortest program to get from y to
x intuitively suggests that K(· | ·) can be seen as a
similarity measure. Clearly, very little is required to
transform a string into itself, or into a very similar
string, whereas for two random strings, only a program
that stores the second in its entirety can make the
transformation.

This intuition prompted Li and Vitányi (Li et al.,
2004) to investigate the use of Kolmogorov Complex-
ity as a metric of computational similarity. To acquire
a true metric, some problems have to be solved. The
first is that K(· | ·) is not symmetric: it takes a small
program to blank out the collected works of Shake-
speare, but the reverse is a more complex operation.
The first step, then, is to define the (symmetric) In-
formation Distance:

ID(x,y) = max [K(x | y),K(y | x)]

The second issue is one of scale. If two strings of
a million bits di↵er by 1000 bits, we might consider
them quite similar, whereas two strings of 1000 bits
that di↵er by that amount could not be more di↵er-
ent.2 Therefore, we would like to take the length of
the strings into account. This gives us the Normalized
information Distance (NID)

NID(x,y) =
max [K(x | y),K(y | x)]

max [K(x),K(y)]

2Note that this is only an intuitive example. If two
strings di↵er in exactly every bit, a very short program
transforms one into the other, so by NID, they are very
similar.

We would like to approximate this by replacing each
occurrence of the Kolmogorov complexity with an ap-
proximation by a compressor, which we will call C. As
most compressors do not work on a conditional basis
(expressing data given some existing data), we want
to rewrite the conditional K’s as nonconditional ones.
To achieve this, we accept beyond the constant term
uncertainty that is innate to Kolmogorov Complexity,
a further logarithmic inaccuracy. This allows us to
rewrite as

NID(x,y) =
max [K(x,y)- K(x),K(y, x)- K(y)]

max [K(x),K(y)]

=
max [K(xy)- K(x),K(yx)- K(y)]

max [K(x),K(y)]

If we replace the Kolmogorov complexity with a com-
pressor C, we get the normalized compression distance

NCD(x,y) =
C(xy)-min [C(x),C(y)]

max [C(x),C(y)]

This step also includes the assumption that our com-
pressor is roughly symmetric (C(xy) = C(yx)).

When our data is represented as a graph, rather than
a string, we replace the notion of concatenation of
strings by concatenation of graphs. That is, we com-
bine the graphs x and y into a single (disconnected)
graph.

Methods

Our aim is to test a sequential and a graph-based com-
pressor on an inference task for a variety of graph
data. To ascertain the performance of the compres-
sors, we generate graphs from di↵erent sources, calcu-
late their NCD distances and see whether a clustering
algorithm can reconstruct the original sources as clus-
ters. Datasets and source code for these experiments
are available. 3

Node ordering

An important and subtle concern is the ordering of
nodes in the sequential representation of our graphs.
This issue is detailed very well by Kang & Faloutsos,
2011. As shown, there are various algorithms to deter-
mine node orderings that bring out a lot of the graph’s
inherent structure in the adjacency matrix, allowing a
sequential compressor to exploit it. We could use sub-
stantial resources to find a good ordering of nodes to
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